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Implications of Bi-Large Neutrino Mixing on GUTs 
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Under the assumptions that 1) the quark/lepton mass matrices take Froggatt-Nielsen's factorized 
power form with anomalous U(l) charges ipi, and 2) the U(l) charges ipi respect the SU(5) 

GUT structure, we show that the quark mass data and the mass-squared difference ratio of solar 
and atmospheric neutrinos, as inputs, necessarily imply that both the 1-2 and 2-3 mixings in the 
MNS matrix £/mns are large. This analysis also gives a prediction that C/ e 3 = (C/mns)i3 is of order 
A ~ (0.1 — 0.5). We also add an argument that E§ GUT is favored. 



PACS numbers: 14.60.Pq, 12.15.Ff, 12.10.-g 

Existence of a certain grand unified theory (GUT) be- 
yond the standard model is guaranteed by i) the anomaly 
cancellation between quarks and leptons and ii) the uni- 
fication of the gauge coupling constants at energy scale 
around fj, ~ 10 16 GeV. The strongest candidate for the 
unified gauge group is Eq , which is not only suggested by 
string theory but also unique in the property that it is the 
maximal safe simple group allowing complex representa- 
tions in the ^-series; E 3 = SU{3) x 577(2), E 4 = SU(5), 
E 5 = 5O(10), E 6 , Eh, E 8 . [1] 

On the other hand, the present neutrino data [2-5] 
show the following particular facts: 

1. Bi-large mixing; 
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2. Mass-squared difference ratio of solar (0) to atmo- 
spheric (©) neutrinos; 
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where A defined below is a quantity of magnitude A ~ 
0.22. 

These show a sharp contrast to the quark sector, in 
which the mixings are very small and the mass spectrum 
is hierarchical. The mutual relations of the masses and 
mixing angles between quarks and leptons/ncutrinos will 
be great clues for the GUTs. 

The purpose of this paper is to analyze the implications 
of these neutrino data on the possible GUTs. [6] We ana- 
lyze these data first assuming, as an working hypothesis, 
a supersymmetric SU(5) GUT and the Froggatt-Nielsen 
mechanism [7] for generating hierarchical quark/lepton 
masses. The latter mechanism utilizes a (usually anoma- 
lous) U(l)x charge to generate effective Yukawa cou- 
plings via higher dimensional interaction terms in the 
superpotential of the form 
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where the 'pre- Yukawa' coupling constants y can in prin- 
ciple depend on the generation label i,j but are here as- 
sumed to be all of order 1 and so are denoted by y collec- 
tively. O is the Froggatt-Nielsen field carrying the U(l)x 
charge —1 and the U(l)x charges of the Higgs chiral su- 
perfield H and matter chiral superfields ^fi (i — 1,2,3) 
are denoted by the corresponding lower-case letters: 

X(Q) = -1, X(H) = h, X(tfj)=lM>0). (4) 

After the Froggatt-Nielsen field 9 develops a vacuum 
expectation value (VEV) (9), which is assumed to be 
smaller than the Planck scale by a factor of Cabibbo an- 
gle Be 
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the effective Yukawa couplings induced from Eq. (3) are 
given by 



f = yx \^+^+ h = 0(1) x X*i+^+h, 



(6) 



That is, suppressing the 0(1) coefficients henceforth, 
and distingushing the right-handed and left-handed mat- 
ter superfields \t f' and , the mass matrix M takes the 
form 
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with (H) — v and iffi and tpj denoting the U(l)x charges 
of \&f- and ^f, respectively. Thus, in this Froggatt- 
Nielsen mechanism, the hierarchical mass structure can 
be explained by the difference of the U(l)x charges tp^' h 
of the matter fields. Note that this type of 'factorized' 
mass matrix can be diagonalized as 



UMC/t = Af dia s 



(8) 



by the unitary matrices U and V taking also similar 
power forms: 



1 



u ~ (aI^ l I), v ~ (aK-*?I). 



(9) 



We assume SU(5) structure for the quark and lepton 
matter contents and the U(l)x charge assignment for 
them. Then, the higher dimensional Yukawa couplings 
responsible for the up-quark sector masses, which are in- 
variant under SU(5) and U(l)x, are given by: 



2 /„* i (10)* j (10) J ff„(5) 
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After the VEV (5) is developed, these yield the effective 
Yukawa coupling constants 



yuij — SJu * a 



(11) 



In order for these to reproduce the observed up-type 
quark mass hierarchy structure 



m t : m c : m u = 1 : A : A 

cxp. 



(12) 



we are led to choose the following values for the U(l)x 
charges of three generation *j(10) fermions taking h u — 
for simplicity: [8] 



(Vi(10), V 2 (10), Va(10)) = (3, 2, 0) 



(13) 



Next we consider the mass matrices of down-type 
quarks and charged leptons which come from the cou- 
plings 



y d *i(10)*j(5*)H d (5*) 
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?? = y d X A^( 10 )+^( 5 *)+' l <i. 
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Note that this yields the transposed relation between the 
down-type quark mass matrix M d and the charged lep- 
ton one Mf. M d T ~ M x . This is because the *j(5*) 
multiplets contain the right-handed component d c for the 
down-type quarks while the left-handed component / for 
the charged leptons. Therefore the unitary matrices for 
diagonalizing those mass matrices, satisfy the relations 



f V d M d u\ = M d diag ' 
\ ViMiU} = M ; diag ' 



(15) 



V d = Uf 1 

so that we have U%(Mi ~ Mj)Tj} — diag. with 

U d ~ ( A l^( 10 )-^( 10 )l), Ui ~ ( A l^(5')-^(5*)l). (16) 

That is, the mass matrix takes the form 

Mj ~ M l ~ y d v\ h < x ( XP^)+^') ) . (17) 

In order for this M d to reproduce the mass ratio of the 
top and bottom quarks 
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we take ipz(5*) = 2 — h d . Further, to reproduce the 
down-type quark mass hierarchy 



mb : m s : m d = 1 : A : A , 

exp. 



(19) 



we take ^2(5*) = i/>i( 5 *) - 1 = ip3(5*), so that 
(Vi(5*), V 2 (5*), Va(5*)) = (3 -/i d , 2 -ft,,, 2-/i d ), 

(20) 

and the mass matrix (17) now reduces to 



'A 4 A 3 A 3> 
Mj ^Mi ~ y d v\ 2 x [ A 3 A 2 A 2 

A 1 1 
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This form of mass matrix is called lopsided. 

Mixing matrices in the quark sector and lepton sec- 
tor are called Cabibbo-Kobayashi-Maskawa (CKM) and 
Maki-Nakagawa-Sakata (MNS) [9] matrices, respectively, 
and they are defined by 



Uckm — U u u\ , £4ins = UiUl 



(22) 



In our case both U u and U d takes the form U u ~ U d <~ 
( A |V,(io)-^(io)|) ; so that the CKM matrix, generally, 

also has the same form 
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agreeing perfectly the experimatal data. For the charged 
lepton sector we have 



U, 



^1^(5* 



)-^'(5*) 
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If the mixing matrix U v in neutrino sector is ~ 1, this 
beautifully explains the observed large 2-3 neutrino mix- 
ing! However, this alone fails in explaining the large 1-2 
mixing. We thus have to discuss the neutrino mixing 
matrix U v now. 

Generally in GUTs, there appear some right-handed 
neutrinos ^/(l) = vki (I = 1> • ■ ■ ,n); for instance, n = 3 
in 50(10) and n — 6 in Eq. [8] They will generally get 
superheavy Majorana masses denoted by an n x n mass 
matrix (Mr) /J, and also possesses the Dirac masses (R-L 
transition mass terms) 



(ME) U ~ y v v\ h - x (a^ 5 *)+^ r ) 
induced from 



y v *i{V)*i{l)H u (&) 
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Here ipf' denotes the U(l)x charges of the right-handed 
neutrinos 

The Majorana mass matrix M v of (left-handed) neu- 
trino is induced from these masses Mr and Md by the 
see-saw mechanism [10] and evaluated as 



(M„).. ~ (M^). / (M^ 1 ) 7J (M D ) J . 



,(5") 




Note that the dependence on the U(l)x charges ipf of 
the right-handed neutrinos has completely dropped out. 
(We should however take it into account that this occurs 
only for a generic case and may be broken in particular 
cases in which (M^ ) 7 brings about correlation between 
the left-handed neutrino index i and right-handed one I. 
[8]) Plaguing the values (20) for ipi(5*), we thus have 



(28) 



This neutrino mass matrix happens to take the same form 
as one of the models that have been proposed by Ling and 
Ramond [11] and Babu, Gogoladze and Wang [12] This 
form is very interesting. 

First, this matrix implies the large 2-3 mixing in the 
diagonalization matrix U v . The 2-3 mixing is also large 
in the charged lepton mixing matrix Ui as we have seen 
above, and so is it generally in the MNS matrix Umns — 
UiUl unless a cancellation occurs between Ui and U v . 

Second, it is natural to assume that three neutrino 
masses are not accidentally degenerate . Then, the mass 
squared difference ratio (2) of the solar and atmospheric 
neutrinos implies the mass ratio of the second and third 
neutrinos: m v ijm v3 ~ A. In order for the M„ to repro- 
duce this mass ratio, the determinant of the 2x2 bottom- 
right submatrix of this M v should not be naturally- 
expected order 1, but should be 0(A); that is, that sub- 
matrix should be diagonalizcd by an 2 x 2 unitary matrix 
u v as 



1 1 
1 1 



A 
1 



(29) 



If this is the case, the mass matrix M v takes the following 
form after the diagonalization of this 2x2 bottom-right 
submatrix: 



o li) M A\ ui 




(30) 



If we note the 2x2 top-left submatrix of this matrix 



we see that this also gives the large mixing in the 1-2 
sector so that it explains the bi-large mixing. 
Therefore, the experimental fact 
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necessarily implies the bi-large mixing! 

We note that a very similar neutrino mass matrix M v 
to ours (28) was also proposed by Maekawa: [13] 
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We should note that there is one more prediction in 
our framework; that is, it predicts a rather 'large' value 
for the element U e3 = (J7mns)i3: 

U e3 ~ 0(A X ) ~ (0.1-0.5). (34) 

This is seen as follows. First, for Ui, we have 



(Ui)u 

([/i) 12 and ([/i) 13 



0(1), 

Vi(5*)-</>2(5*) 

A 3 



A 1 , (35) 



which have resulted from down-type quark masses and 
an SU(5) relation. Second, for U v , we have 



(U V ) 3 1 ~ = A l ; 

{U v ) 32 and (U v )33 ~ 0(1). 



(36) 



These clearly give rise to U e3 = (t/ M Ns)i3 = (£Wj)i3 ~ 
O(A). Although the bigger side of this prediction is al- 
ready excluded experimentally, this prediction gives a 
crucial test for the idea of Froggatt-Nielsen mechanism. 
Summarizing the points up to here, we have shown: 

1. If we assume Froggatt-Nielsen's factorized form for 
the quark/lepton mass matrices and the SU(5) structure 
for the U(l)x charges, an input of up- and down- type 
quark masses necessarily implies that the 2-3 mixing is 
large in the MNS matrix J7mns- 

2. If we further add the data Am^/Am^ ~ A, 
then, it implies that the 1-2 mixing in Z7mns is also large, 
so leading to bi-large mixing. 

3. The measurement of U e3 will confirm or kill the 
basic idea of Froggatt-Nielsen mechanism for explaining 
the hierarchical mass structures of quarks and leptons. 

Let us now look back our analysis and examine the 
possible implication of the neutrino data on the GUTs. 

Recall first that the mixing unitary matrices are de- 
termined solely by the U(l) charges of the left-handed 
components, and that the left-handed components fall 
into SU{2) doublets under the standard gauge symme- 
try. Therefore, under the assumption of the generic fac- 
torized power form for the mass matrices, the standard 
gauge symmetry alone predicts 



3 



U u ~U d ~ (Al Q *-^l), U v ~U l ~(\\ L *- L i\ y ), (37) 
and hence also, for CKM and MNS matrices, 

t/MNs = £W* ~ (a^-^) . (38) 

Here Qi an d ^% are the U(l) charges of the quark and 
lepton doublets, respectively. If we had the Pati-Salam 
symmetry 5C/(4)ps, instead of the SU(5) symmetry as 
assumed in the above, the U(l) charges of quark and lep- 
ton doublets must be the same, Qi = Li, which leads to 
an incorrect prediction that the CKM and MNS mixing 
matrices should have the same structure, Uqkm ~ C/mns- 

This apparently seems to exclude GUT gauge groups 
like SO(10) and E§ larger than SU(5), since they nec- 
essarily contain the 5?7(4)ps and the gauge multiplct 
members all carry a common U(l)x charge. Actually, 
any 50(10) models in which three generations of mat- 
ters come from three 16 representations are excluded, 
since there the leptons are the fourth colored 'quarks' of 
SU(4:)ps and so the relations Qi = Li must hold. The 
group E%, however, has two intrinsic mechanisms giving 
the ways out of this difficulty, and hence the Eq models 
in which three generations come from three 27 represen- 
tations are indeed allowed. 

The first reason is because 27 is decomposed into the 
SU(5) multiplets 

27 = (10 + 5* + 1) + (5 + 5*) + ^1_, (39) 

SO(10)16 SO(10)10 SO(10)1 

The point here is that there appear two SU(5) 5* repre- 
sentatioons in each 27, and six in all for three generation 
case. The SU(A)ps partner of the quark doublet con- 
tained in 10 in 50(10) 16 is the lepton doublet in the 5* 
in 5*0(10) 16, but not that in the the 5* in 50(10) 10. 
However, the light lepton doublets may generally come 
from any three (linear combinations) out of these six 
SU(5) 5*, and, so the relation Qi — Li can easily be 
avoided. [8,14] 

Second, it is also important that three 27 contain six 
SU(5) singlets 1 which play the roll of right-handed neu- 
trinos and form 6x3 Dirac mass matrix with the three 
left-handed neutrinos in the three light lepton doublets. 
However, depending on the 50(10) properties of those 
three lepton doublets, there may appear zeros in the ma- 
trix elements of the 6x3 Dirac mass matrix. This is be- 
cause, for instance, SU(5) singlet in 50(10) 16, denoted 
(1, 16) for brevity, can form Dirac masses with the left- 
handed neutrinos in (5*, 16) but not those in (5*, 10), 
when the Higgs is assumed to be (5,10). And 6x6 
Majorana mass matrix for the right-handed neutrinos 
can have additional structure other than the Froggatt- 
Nielsen's U(l) power structure, since (1,16) and (1,1) 



have different 50(10) quantum numbers and their Ma- 
jorana masses may come from different Higgs scalars. 
These two facts invalidate the above discusion in Eq. (27) 
proving the factorization of the light neutrino mass ma- 
trix M v . So U v ~ (^\\ Li - L i\^j no longer remains true and 

U C km ^ U M ns even when Qi = L { . 
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